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ABSTRACT: A theory of the microdomain structure in systems of block copolymers is presented. The free energy
and concentration distribution are calculated using modified diffusion equations which describe the statistics of the
macromolecular conformations. Numerical results, presented for a special type of copolymer, are in fairly close
agreement with comparable experiments on domain size. Qualitative conclusions about the factors which govern

microdomain structure can be drawn.

The past few years have seen a growth of interest in
block copolymers, especially with regard to their use as ma-
terials in which a chemical topology induces a microarchi-
tecture with valuable physical properties. The chemical to-
pology is the arrangement of the monomers in long se-
quences of one component, A, followed by long sequences
of B. Common materials are the diblock and triblock co-
polymers. If the A and B units have a positive heat of mix-
ing, then there is a tendency toward phase separation, but
such a separation cannot be complete because of the con-
necting bonds between A and B. Thus, domain structures
result, and this is the microarchitecture referred to above.

Objectives of a statistical thermodynamic theory include
predictions of the geometry, size, and stability of the do-
mains. These are matters which can be analyzed by exami-
nation of the free energy. In this paper we shall develop a
technique for the calculation of the free energy and other
structural features of the domains. A numerical illustration
of the application of the theory will be presented. This will
be for a special type of diblock copolymer molecule, viz.,
one which is symmetric with respect to the interchange of
species A and B. The model calculation will reveal, free of
extraneous detail, many of the important characteristics of
block copolymer systems. It will also serve as a benchmark
against which to appraise a simplified, but less exact, theo-
ry which we are now developing, and to gauge theories pre-
viously proposed by others.-?

In section I we examine qualitatively the effects which
contribute to the free energy of the system.?? Then the
problem is set up quantitatively on the basis of Gaussian-
random-walk statistics for the polymer molecules. Details
of the derivation of such equations have been given in ear-
lier papers.*® This is a self-consistent-field theory, where
an assumed polymer density pattern determines the proba-
bility distribution of the macromolecules’ conformations,
and these probabilities predict the assumed densities. In
section III a numerical solution of the equations for one set
of typical parameters will be discussed.

I. Qualitative Discussion of Theory

Imagine that, due to the relatively repulsive potential be-
tween repeat units of A and B of a block copolymer, a
phase separation has occurred. The fact that A and B are
part of the same chain imposes limitations on this phase
formation, viz., that in close proximity to the A phase there
must be some B phase. The result is a domain structure:
spheres or cylinders of one component in a continuous ma-
trix of the other, or alternating lamellae.

Such domain patterns are characterized by a large
amount of interphase with an associated free energy akin to
interfacial tension. Interfacial tension is a result of the ex-

cess energy of AB contacts, and the loss of conformational”

entropy involved in avoiding such contacts while maintain-

ing uniform overall density.5

However, in block copolymers additional free energy
terms enter. If one examines the probability distribution
for the AB joint,? one finds that it is greatest in the interfa-
cial region. Clearly, an excursion of this joint into the A do-
main, let us say, involves pulling B material into this A-rich
region, and is thus disfavored. The effective confinement of
the degree of freedom represented by the joint to a limited
region results in a loss of entropy. Furthermore, since each
chain of A or B has one end, the joint, in the boundary re-
gion of the domain, there is a tendency to have greater den-
sity in these outer regions.! In condensed media, where the
compressibility, «, is low, such inhomogeneous overall den-
sity patterns are strongly opposed. If the densities of pure
A and B are poa and pop, respectively, and the volume
change on mixing is zero, the system will keep the densities
at every point such that

{(pa/poa) + (oB/poB) =1 (L1)

to within small terms of 0(«). In the present case this is ac-
complished by rejecting those conformations which leave a
density dip in the center of the domain. The result is a fur-
ther loss of conformational entropy.

These are the descriptive features of the theory of inho-
mogeneous polymers?5 as applied to block copolymers.
After that theory is presented in the form of equations in
the next section an attempt will be made to further illumi-
nate this picture. While the effects of interfacial tension,
joint confinement, and uniform filling of the domain cen-
ters cannot be precisely separated, they are separate
enough to be conceptually useful.

I1. Quantitative Formulation

In referring to either material A or B we will henceforth
use the symbol K. Consider a diblock copolymer system in
which the block of type K has degree of polymerization Zk.
The segments of K have a Kuhn statistical segment length,
bk, such that the bulk mean-square end-to-end distance is
Zxbk?. When pure, the density of K at the given pressure
is pok. We will later assume that the materials are incom-
pressible, but for the moment let there be a finite com-
pressibility, «, independent of composition of an A-B mix-
ture. We also restrict ourselves in this paper to materials
which have zero volume change of mixing at the given pres-
sure, s0

(IL.1)
(I1.2)

pa+pp=

PK = pK/poK
in a homogeneous bulk mixture. Deviation from eq II.1 is
possible, but it raises the free energy significantly. For a

free energy density of mixing excluding combinatorial
terms we take
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A f* - =
Af*(pawB) _ _babe_ | L (5a+p = 1)2 (IL3)
kT pa+pB  2xkpT

where kg is Boltzmann’s constant and T is temperature.
(The reader is referred to ref 4 for a more detailed defini-
tion of Af*.) The first term is the usual random mixing en-
thalpy proportional to the density of A, the fraction of B,
and a constant «. (If the pure densities of A and B are
equal then we can define a parameter x = a/po as in section
I11. In general it is best not to introduce a x. The matter
has been carefully discussed in Helfand and Sapse.®) The
second term of the free energy density accounts for density
deviations. These may be brought about in the homoge-
neous system by increased pressure, or they may be a con-
sequence of the inhomogeneity.

In the development of a statistical mechanical theory of
inhomogeneous polymers* attention focuses on a function
Qk(r,t;ro) which is proportional to the probability density
that a type-K chain of ¢ repeat units has one end at r and
the other at r. The proportionality constant will be speci-
fied below, but, in any event, special care will be taken to
explicitly evaluate multiplicative constants on all formulas
relating physical parameters to the Qk’s. In a © solvent,
and in particular in bulk X, @k is the well-known Gaussian

3 3/2 3
: = - — rgl? 11.4
Qulrtiro) = (5o7) exp (= gyl = xd?) (L)

i.e., @k is a solution of the diffusion equation. In an inhom-
ogeneous system this diffusion equation must be modified
with a term representing the work needed to get a mono-
mer unit to the point r from bulk K. This work, in mean-
field approximation, we have shown*® to be a chemical-
potential-like quantity

_AAf*

Aug* (1L.5)
9pK
The appropriately modified diffusion equation is
) by? Aug*
9Qx =K V2Qx — HK Qx (IL6)

at 6 kT
or, with the approximation to Af* represented by eq I1.3,

oQa(r,t;ro) _ ba? o [ pe(r) ]2
—ARTY T = T8 (72 —_ =
at 6 Qa {POA pa(r) + pr(r)

————— [pa(r) + pB(r) — 1]} Qa (IL7)
kkBTpoa

with a similar equation for B. Here we explicitly see that
Q4 is reduced in regions where pg(r) is large or there is a
positive density deviation, pa + pg — 1 > 0. On the other
hand, chains are effectively drawn into the regions where
pa + pB — 1 is negative, as expected.

@k is subject to the initial condition

Qk(r,0;rp) = 8(x — ro)

which, being the only inhomogeneous equation, determines
the normalization of Qk. We will consider only a single
symmetry cell, replacing each chain that leaves that cell
through a reflection symmetry plane with a statistically
equivalent chain which enters from the other side. Then,
one has also the boundary condition that

nVQk(r,t;rg) =0 (I1.9)

on every reflection symmetry plane of the system (n is a
normal to that plane). These planes form the boundaries of
cells in a periodic microdomain structure.

Equation IL7 is incomplete in that it contains the un-
known density pattern. However, given the statistics of the
polymer conformations, as embodied in Qx, these density

(11.8)
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distributions can be calculated with the formula*

N ZA \%
palr) = Q_V j; dt f dradr;drg X

Qalra,Za — £;r)Qalr,t;r))QB(rs,ZR;rp)
1 1%
Q= v f dradrydrgQa(ra,Za;r;)Qe(r;,Ze;rs)

(I1.11)
with a similar equation for pg. The volume V is convenient-
ly taken as the simplest cell from which the whole system
can be made up by repetition. N is the number of diblock
copolymer molecules in V. Equation I1.10 is easily under-
stood. The integrand is proportional to the probability that
a monomer of A which is t units from the joint is at r, while
the A end is at ra, the AB joint at r;j, and the B end at rp.
The total A density is obtained by integrating over all units
of the A chain, and over nonfixed locations ra, rg, and r;.
The normalization constant is selected so that

‘/
f drpa(r) = NZa

Thus, the coupled set of eq II.7 to IL.11 is to be solved,
which for the block copolymer problem is a numerical task.

Some simplification may be achieved by considering the
limit of zero compressibility. An analysis of the differential
equation reveals that this limit is appropriate when akksT
and xpoxkpT/Zx are small compared to unity. Generally
these combinations of parameters are 1072 or less. When «
— 0, and when an 0(1) force is applied, the deviation of pa
+ p —1 from zero is 0(x). Thus the product

(1/xksT) [palr) + p(r) — 1] = wr)

is an indeterminant form which we name w;(r). The addi-
tional unknown function wg(r) entering eq 11.7 may be
solved for using the additional relation

(I1.10)

(I1.12)

(I1.13)

(I1.1)

It can be shown that pk(r) is invariant to an additive con-
stant on wg(r), which gives us the freedom to impose the
condition

palr) + pp(r) =1

fdrw,(r)=0 (IL14)

(For other problems, such as the polymer-polymer inter-
faces,>® other means of fixing the additive constant may be
more appropriate.)

Once the conformational characteristics of the block co-
polymer molecules are known the free energy can be deter-
mined from the formula (discussed in the Appendix)

F __N o- o Z a/poa)(Zp/poB)
[{Z a/poa) + (Zr/po)]?

where the zero of free energy is taken as a hypothetical ho-
mogeneous block copolymer phase.

(I1.15)

ITI. Calculations for a Symmetric Block Copolymer

The workings of these formulas and the type of results
which emerge are illustrated most simply with the case of a
symmetric diblock copolymer. By this we mean that the
physical parameters of A and B are identical. We drop the
subscript K and write for both materials po, b, and Z for
the density of polymer units when pure, the segment
length, and the degree of polymerization, respectively. We
also introduce the Flory-Huggins parameter

(II1.1)

It is expected that the system will phase separate into
the most symmetric structure, alternating lamellae of A-

X = a/po
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Figure 1. (a) Schematic diagram of a lamellar microdomain struc-
ture in a block copolymer system. The periodicity distance is d.
The basic cell in which eq 3.6 to 3.11 are to be solved goes from the
center of one domain to the next, and is measured on a scale of y
going from 0 to 1. (b) The density profiles through the lamellae. (c)
A cylindrical domain structure.

rich and B-rich domains, as illustrated in Figure 1. The re-
peat distance in the x direction is d; this is the sum of the
thickness of one A and one B domain. It is convenient to
select for the volume V a region of half this size which runs
from the center of one domain to the center of the next.
These center planes are reflection symmetry planes for the
periodic structure. Introduce a dimensionless distance vari-
able

y=9x/d (111.2)

which is zero at the center of an A domain and unity at the
center of the B domain on the right (see Figure 1). Another
convenient variable is a dimensionless repeat distance

R = (61/2/2)(d/b) (I11.3)

Because of the A-B symmetry the center of the interface
is a symmetry plane when all labels A and B are inter-
changed. Thus

pallhdy) = pp(lhd — %dy) = ply)
Qalhdy,t;%dyo) =
Qn(d — Ydy,t;%d — Ydyo) = 3 Qiytve) (IIL5).

(I11.4)

The equations to be solved are

. . 2
Rgd_Q_(z;tiQ - Z_y;i? - xR2[3(1 = ))2Q ~ u(»)Q
(1I1.6)

Macromolecules
Q(,0:90) = 8(y = ¥o) (I1L.7)
3Q(y.t;yo) L
Qutyo) Q0L
8y ¥=0 ay y=1

el (g (O
p(y)—QZQj; dtj;dyAddeyBX

QyaZ - ty)Q(.t;y)Q(1 - y3,Z;yB)

1
Q= j; dyadysdys@Q(ya,Z;y)Q(1 — y5,Z;yn)

(I11.9)

(I11.10)
) +pl—-y)=1 (IIL.11)

Note that
uly) = R2w:(%dy)/po (I1L.12)

These equations are to be solved for a given d (or R). Then
d is to be selected to minimize the free energy density or
the free energy per molecule, given by

F L
NeT - TloBQT %xZ

The method of solution will be discussed in some detail
in a later publication by Wasserman and the author. It was
necessary to invoke several unusual procedures. Basically a
spectral representation of all functions was used, where the
basis was the eigenfunctions of the operator on the right of
eq I1L.6.

The free energy as a function of R/Z'/2 is plotted in Fig-
ure 2 for xZ = 37. A minimum occurs at B/Z1/2 = 3.8. Thus
the predicted periodicity distance is d = 3.16Z1/2 (this does
not imply that d = Z1/2 gince the location of the minimum
depends on xZ). To convert this to material terms let us
consider parameters appropriate to a polystyrene-polyiso-
prene (SI) block copolymer. We will use: po = 0.0117 (geo-
metric mean); b = 6.6 A (for reasons made clear in ref 6 we
take pob? = Yposbos? + Yporbor2); x = 0.142 (taken as x =
a/po, with the value of o from ref 7); and Z = 261 (so xZ =
37). The repeat distance would then be d = 330 A. One may
wish to compare this with the measurement of Douy,
Mayer, Rossi, and Gallot® on a block SI of block molecular
weights 23,000 and 21,000. This corresponds to Zg = 221
and Z; = 308. If we define xZ = %a[(Zs/pos) + (Z1/po1)]
then xZ = 37. Douy et al. find a d of 314 A. More critical
comparisons will be left for a later work, where we will not
have to assume symmetry between A and B.

To gain some appreciation of the microdomain structure
we have plotted in Figure 3 the concentration profiles p(y)
for xZ = 37 and 10. We see that the interpenetration of A
and B is quite extensive for small xZ. Previously we have
developed a theory of the interface between two infinite
molecular weight homopolymer phases. The characteristic
interfacial width was found to be 2b/(6x)'/2, or, put on the
y scale by dividing by 0.5d, 2/[(xZ)Y2(R/Z1/?)]. In Figure 3
we also graphically contrast the density profile through a
block copolymer domain interface with that between ho-
mopolymers. For large xZ the interfaces are very similar,
but as xZ decreases the excess interpenetration significant-
ly increases.

To further grasp the controlling influences in a block co-
polymer system we have plotted in Figure 4 the terms
xR2[5(1 - ¥)}2, u(y), and their sum, which enters the fun-
damental eq IIL.6 for §. Note the downward dips of u(y),
i.e., of (pa + BB — 1)/«, at the centers of the domains and at
the interface. The dips at the domain centers have the fol-
lowing origin. Each chain has one point, the joint, which is
preferentially located in the interfacial region. Hence, in
the absence of the u(y) internal fields, except in the inter-

(IT1.13)
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Figure 2. Free energy (on a per molecule basis) as a function of
the periodicity distance d {in the form of the dimensionless vari-
able R/Z1/? = (61/2/2)(d/bZV/?)}. For xZ = 37 there is a minimum
near R/Z'/? = 3.8; for xZ = 10 the minimum is near R/Z1/2 = 2.9,
Because d = 0 corresponds to a uniform system, F(0) = 0.
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Figure 3. The concentration profile p(y) = pa(*kdy)/poa. Shown
as solid curves are the results for xZ = 37 and 10. The dashed
curves are the theoretical density profiles between homopolymer
phases.’ For xZ = 37 the homopolymer and block copolymer inter-
phases are very similar, but for xZ = 10 significant excess inter-
penetration is beginning to occur for the block copolymer.

facial region, there is a bias for the rest of the molecule to
be preferentially located near the interface, as has been
shown by Meier.! (This is analogous to the fact that if one
end of a free Gaussian chain is fixed then the polymer den-
sity has a maximum at that point, or to the fact that if a
slab is suddenly heated at the walls the temperature stays
lowest in the center.) Such a density dip in a domain’s cen-
tral region would give rise to a large negative u field, which
has the effect of favoring the presence of material in the
center. The self-consistent solution of eq II1.6 corresponds
to a balance between the unperturbed walk and u field ef-
fects. In this balance a density deviation pa(y) + p(y) — 1
of 0(x) is sufficient to create an 0(1) force, embodied in
u(y), which induces 0(1) changes in the density. Similarly,
we can explain the root of the negative u(y) in the inter-
phase. In the absence of the u field the repulsion between
A and B units would push the phases apart, i.e., induce a

23}
[34]
1511
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Figure 4. Plots of the terms xR2[3(1 — v)]?, u(y), and their sum.
These terms account for A-B repulsion and the forces maintaining
uniform overall density in eq IIL.6. For these plots xZ = 37 and
R/ZV2 =338,

negative density region. Again a negative u field of 0(1)
brings the density back to pa(y) + pB(y) being within 0(x)
of unity.

IV. Connection between Quantitative Theory and
Qualitative Description

We shall attempt to make contact between the quantita-
tive theory of sections II and III and the qualitative picture
of section I. As we have seen, the density distribution in an
interfacial region between A and B domains is not very dif-
ferent from that between semiinfinite phases (except for
low xZ). Thus the free energy involved in making an A-B
interface is not strongly dependent on the domain size,
which is why we compared it with interfacial tension.

We also spoke of a loss of entropy associated with a rela-
tive confinement of the joint to an interphase region. This
enters via the integral over x; in eq I.11, which defines Q.
Imagine that we had a symmetric block copolymer mole-
cule located not in the interface between two block copoly-
mer domains, but in the similar interface between homo-
polymers A and B. The integral @ for that molecule can be
written in the form

9 d/4
Q== [ drgatcsZagntnZs) VD)
d J-d/4

gk(x,Z) = fdxoQk(x,Z;x0)

where the zero of x is the center of the interphase. We use
the functions gk determined in ref 5,

galx) = gp(—x) = {1 + exp[2(6x)/2x/b]}=1/2 (IV.3)

(IV.2)

and, with negligible error, extend the integral to limits —
and +=, to find

T

Q*E . > b

(6x)12d
as a measure of the fractional loss of the joint’s freedom of
placement. Equation IV.3 represents a slightly different
normalization of gk than that used in section II, namely
one based on u — 0 as x — + =, rather than eq 11.14. How-
ever, this is appropriate for the present purpose, since it
makes go —> lasx —> —o,

For the block copolymer system gk(x) turns out to be
lower in magnitude than the value given in eq IV.3, al-
though the shape is about right. This is a result of the part

(IV.4)
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of the u field which pulls polymer into the domains’ cen-
ters, and pushes polymer out of the boundary regions. This
lowering of the magnitude of gk, henceQ, leads to the free
energy increase associated with maintaining uniform over-
all density in the domains.

We will again address the question of the relation be-
tween the qualitative and quantitative descriptions of
block copolymer systems in a later paper. This will be in
the context of a simpler, approximate theory in which a
sharp division between domains and interphases is made.
We believe that that theory will help make the interpreta-
tion of the formulas clearer, as well as provide a theoretical
framework which is easier to apply.
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Appendix

Derivation of the Free Energy Formula. In this ap-
pendix we shall derive eq I1.15 for the free energy. Equa-
tion 5.8 of ref 4 is easily adapted to the block copolymer
problem, using ideas developed in section IV of that paper.
The result is

F 1 " _
T VT f dr [Af [pa(r) 5(r)]
A s8f* | _
palr) apalr) oa(r) apB(r)
N a{Z alpoa)(Zn/poB)
b - Al
1% log [(Za/poa) + (ZB/poB))? )

The final term is included so as to make the zero of free en-
ergy a single-phase, homogeneous block copolymer system,
although this may only be a hypothetical state. Using eq
I1.3 for Af*, and eq IL.1 and II.13 we find

Macromolecules
F 1
VksT  V f druwg(r) -
N a(Za/poa)(ZB/poB)
— log© — A2
1% ogQ [(Za/poa) + (ZB/poB)]? (A2

If we assume the integral of w; vanishes, then eq I1.15 for F
results. But let us imagine that a constant @ is added to
this w;. The Qk(r,t;re) would acquire an additional factor
exp(—wt/pox) according to eq IL.6. This means thatQ has

the new factor
VA VA
exp [—w (;—’5 + —B> ]
0A  POB
When account is taken of the fact that
N /Z VA
V \poa  poB
as a special case of eq II.1, we see that F is invariant to .
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